Abstract. Hesitant fuzzy sets (HFSs) are widely applied in pattern recognition, classification, clustering, and multiple attribute decision making. In order to get more accurate decision results, the order relation of HFSs is particularly important. In this paper, some defects of the existing order relations for HFSs are discussed. In order to solve these problems, by employing a distance measure and the TOPSIS method, we propose a new order relation extraction method based on a new additive consistency fuzzy preference relation for hesitant fuzzy elements (HFEs). Then, the proposed additive consistency fuzzy preference relation is applied to integrate group decision information. In multi-attribute group decision making (MAGDM), it is particularly important to ensure the consensus of the decision-makers (DMs), and the consistency of the decision process is the precondition for DMs to reach consensus. The proposed method can maintain the consistency of the decision process for MAGDM under hesitant fuzzy environments, so as to get the consensus of DMs, besides, it can overcome the limitations of the existing order relations for HFSs. At the end of this paper, a numerical example is used to illustrate the effectiveness and feasibility of the new approach, and some comparative analyses are given. The obtained results confirm the theoretical and numerical analyses and emphasize the advantages, which can ensure the consistency of the whole decision process and avoid the original decision information change and loss of the proposed method, so as to be more in line with the actual situation.
Introduction
Many studies on the fuzzy set theory have been conducted (Kacprzyk & Orlovski, 1987; Turksen, 1986 ) and have achieved great success (Roy & Maji, 2007; Deschrijver & Kerre, 2003; Erceg, 1979) , since the fuzzy set theory was advanced by Zadeh (1965) . With the continuous improvement of the level of human knowledge, the theory of fuzzy sets has been extended by scholars. Therefore, many other forms of fuzzy sets were developed, such as interval fuzzy sets Turksen, 1986) , intuitionistic fuzzy sets (Atanassov & Rangasamy, 1986) , interval-valued intuitionistic fuzzy sets (IVIFS) (Atanassov, 1989) , 2-type fuzzy sets (Yager, 1986) , N-type fuzzy sets, fuzzy multisets , etc. In reality, when making decisions, the DMs are usually indecisive and tend to hesitate in the face of several possible choices, so it is difficult to reach a final agreement. For example, two DMs discuss the membership of one element to one set, one is to allocate 0.4, and the other wants 0.7. To deal with such cases, Torra (2010) put forward the definition of hesitant fuzzy sets (HFSs), developed the basic algorithm and discussed the application of HFSs in decision making (Torra & Narukawa, 2009; Turksen, 1986) . In multi-attribute group decision making (MAGDM), when several DMs are different in knowledge and experience, it is difficult to reach a consensus. HFSs can allow DMs to have multiple membership degrees for alternatives.
Since then, many scholars have paid attention to HFSs and additional studies have appeared in the literature (Chen, Xu, & Xia, 2013a; Farhadinia, 2013; Kessler et al., 2011; Qian, Wang, & Feng, 2013; Rodriguez, Martinez, & Herrera, 2012; Wu, Jin, & Xu, 2018; Xu & Zhang, 2013; Zhang, Xie, & Wu, 2015a) , such as the related aggregation operators, the order relationship of HFSs and distance and similarity measures (Xu & Xia, 2011a) of the HFSs. It has also been diffusely and successfully used to a lot of MAGDM problems. In general, hesitant fuzzy MAGDM problems have two phases: aggregation and exploitation. In the aggregation phase, the information is grouped to reflect a collective value for each alternative or criterion, while in the exploitation phase, the best alternative is selected as a solution to the decision problem by using the collective values obtained in the previous phase (Bedregal, Reiser, Bustince, & Lopez-Molina, 2014) .
There are two main ways to integrate hesitant fuzzy decision information. Firstly, extending the existing multi-attribute aggregation operators. For examples, Xia and Xu (2011) presented the hesitant fuzzy weighted averaging operator and the hesitant fuzzy weighted geometric operator and promoted the two operators, so as to obtain the generalized hesitant fuzzy weighted averaging operator, the generalized hesitant fuzzy weighted average geometric operator, the hesitant fuzzy hybrid averaging operator and the hesitant fuzzy hybrid geometric operator. Wei (2012) proposed the hesitant fuzzy prioritized weighted average and hesitant fuzzy prioritized weighted geometric integrated operator in which he considered the priority between the different attributes. Qin, Liu, and Pedrycz (2016) developed hesitant fuzzy aggregation operators based on Frank operations. Zhu, C., Zhu, L., and Zhang (2016) discussed multi-attribute decision making problems with linguistic hesitant fuzzy information and proposed a series of linguistic hesitant fuzzy power aggregation operators. Farhadinia (2016) introduced a novel HFS ranking technique in view of lexicographical ordering. Zhang, Wang, Tian, & Li (2014) developed a series of induced generalized aggregation operators for hesitant fuzzy or interval-valued hesitant fuzzy information. Tang, Fu, Xu, & Yang (2017) analyzed fuzzy Hamacher aggregation functions for uncertain multi-attribute decision making. Yu, Wu, and Zhou (2011) proposed a new hesitant fuzzy aggregation operator based on the Choquet integral which included the importance of the elements, their ordered posi-tions and a fuzzy measure. Zhu, Xu, and Xia (2012) based on the Bonferroni average (BM), which have a great impact on multi-criteria decision making, they proposed the definition of the hesitant fuzzy geometric Bonferroni mean (HFGBM) and the hesitant fuzzy Choquet geometric Bonferroni mean (HFCGBM). In addition, the weighted hesitant fuzzy geometric Bonferroni mean (WHFGBM) and the weighted hesitant fuzzy Choquet geometric Bonferroni mean (WHFCGBM) are also proposed.
Another application involves using the distance or similarity measure to aggregate decision information. Xu and Xia (2011a) presented a distance measurement method of fuzzy sets according to distance axioms, advanced the corresponding similarity measurement method, and studied the relationship and the character of the HFSs distance formula and similar metrics. Li, D., Zeng, and Li, J. (2015) presented some new distance measures between HFSs and a novel generalized hesitant fuzzy synergetic weighted distance measure. Peng, Gao, C. Y., and Gao, Z. F. (2013) presented a generalized hesitant fuzzy synergetic weighted distance measure. Farhadinia (2014) introduced a series of distance measures and similarity measures for the higher order HFSs. Zhang, Li, Chen, Sun, and Attey (2017) proposed a new hesitant distance set in which the distances between different HFSs can be characterized by a series of different values. Xu and Zhang (2013) developed a novel approach based on TOPSIS and the maximizing deviation method for solving MAGDM problems. Yue (2016) proposed a geometric method based on TOPSIS that could be used for sorting interval-valued intuitionistic fuzzy numbers. Jin, Ni, Chen, Li, and Zhou (2016) further constructed several information measure formulas for interval-valued hesitant fuzzy elements (IVHFEs) on the basis of the continuous ordered weighted averaging operator to deal with MAGDM whose attribute values are IVHFs forms. Dong, Chen, and Herrera (2015) proposed a novel distance-based consensus measure for hesitant linguistic group decision making. Zhang and Xu (2015) believed that distance and similarity measures were inaccurate in some cases. Therefore, a new concept of fuzzy set hesitant fuzzy index was proposed to measure the hesitation degree among the possible values in each hesitant fuzzy element of the HFS. According to their indecisive and index considerations, a new method for measuring the distance between HFSs was proposed. There were still a lot of works about distance and similarity measures (Singh, 2015; Su, Xu, Liu, & Liu, 2015; Zeng, Li, & Yin, 2016; Papakostas, Hatzimichailidis, & Kaburlasos, 2013; Hesamian & Shams, 2015; Williams & Steele, 2002) for HFSs.
In addition to the two main methods of dealing with hesitant fuzzy information, fuzzy preference relations are also research hotspots. Zhang, Wang, and Tian (2015b) proposed two group decision making support models with hesitant fuzzy preference relations (HFPRs) based on Tanino's additive consistency concept and the b-normalization based method and then used them to MAGDM. Wu and Xu (2016) studied separate consistency and consensus processes for hesitant fuzzy linguistic preference relations. Zhou, Xu, and Chen (2015) proposed a hesitant-intuitionistic fuzzy number and simultaneously proposed a proposal for the hesitant-intuitionistic fuzzy preference relation and its complementary form. Xu, Chen, Herrera, and Wang (2016) suggested the incomplete HFPR, which is a new type of fuzzy preference structure, and defined the additive consistency of incomplete HFPRs and the concept of consistency of multiple incomplete HFPRs, and they were used to solve the problem of group decision making. The above-mentioned models are based on consistency, but they cannot deal with inconsistent situations. To resolve these limitations, Meng and An (2017) proposed 0-1 mixed programming models to judge the multiplicative consistency of HFPRs. Its main feature is that the concept does not increase the value of the HFEs, nor does it ignore any information from DMs. To obtain more consistent HFPRs, Xu, Cabrerizo, and Herrera-Viedma (2017) gave a consensus model of HFPRs and revised the definition of a HFPR. Then they proposed a revised additive consistency to estimate the unknown values, which are added to the short HFSs, which normalized the HFPRs, and based on this, they developed a model for MAGDM problems.
However, whether the aggregate operators, distance and similarity measures and fuzzy preference relations, when applied to MAGDM problems, there will be the following problems:
(1) When using aggregation operators or score functions to rank HFSs, the results are not consistent with the actual situation (Lan, Jin, Zheng, & Hu, 2017) ; (2) When some MAGDM methods of using distance and similarity measures, HFEs need to be extended to the same length (Li et al., 2015; Zeng et al., 2016; Zhang & Xu, 2015) , these methods have changed the original decision information, which may lead to inaccurate decision results; (3) When using fuzzy preference relations for MAGDM problems, in the decision process, it is often difficult to ensure consistency, and thus the algorithm is modified (Khalid & Beg, 2016; Zhang et al., 2015b) , which resulting in the changes in decision information, which may lead to inconsistent results, thus may make decision failure. To overcome the flaws, the rest of this paper is arranged as follows: In Section 1, some basic concepts of HFSs and fuzzy preference relations are reviewed. Examples are used to analyze the rationality of the existing order relations of HFSs in Section 2. Section 3 builds a new fuzzy preference relation for HFSs. Section 4 develops an approach to hesitant fuzzy MAGDM based on FPRs. In Section 5, an example is given to illustrate the rationality and applicability of the new method. Finally, the conclusions are drawn in the end of the paper.
Preliminaries

HFS and its order relations
In this section, the definition of HFS and its order relations are introduced. Torra (2010) first proposed the definition of HFS, which takes the following form: Definition 1. (Torra, 2010 ) Set a discourse X, then a HFS on X is in terms of a function that when applied to X returns a subset of [0, 1] .
To make calculations easier, Xia and Xu (2011) further refined the previous definition by redefining HFS through a mathematical expression, the form is as follows:
where ( ) E h x is a membership function which returns all the possible memberships of x X ∈ to the set E, and Xia and Xu (2011) 
where ( ) l h is the number of elements in h. Let h 1 and h 2 be two HFEs; then,
Farhadinia (2013) extended the score function from a HFE to a HFS as follows:
Definition 6. (Farhadinia, 2013) Let E 1 and E 2 be two HFSs on
To get the same purpose, besides the score function, many other aggregation operators (Torra & Narukawa, 2007; Wei, 2012; have been also used to solve this problem.
Fuzzy preference relation
The fuzzy preference relation is widely used in the decision making problems. Tanino (1984) gave its definition in 1984.
Definition 7. (Tanino, 1984) A fuzzy preference relation R on a finite set of alternatives
 is a fuzzy relation on the product set A×A with membership function
u A A r = , and r ij satisfies the following conditions:
Usually, a preference relation is represented by a k×k matrix
, in which r ij represents the preference degree of A i over A j . Specifically, 0 0.5 ij r ≤ < denotes a definite preference of A j over A i . In particular, r ij = 0 denotes that A j is totally preferred to A i , and r ij = 0.5 denotes that A j and A i are equally important. 
where
Xu (2015) studied the properties of additive consistency fuzzy preference relation in detail, and gave the following properties and theorems.
Property 2. (Xu, 2015) Let
be an additive consistency fuzzy preference relation. Then, 0.5
Definition 10. (Xu, 2015) Let
, and b is a nonnegative real number. Then, bR is defined by:
Theorem 1. (Xu, 2015) Let
is an additive consistency fuzzy preference relation.
Analysis on the existing order relations of HFSs
As mentioned in the introduction, many scholars have suggested ranking methods for HFSs. However, there are some defects when using the existing order relations to rank HFSs. In this section, we will analyze the limitations of the order relations of HFSs through examples.
Example 2 (Adapted from Ref. Lan et al. (2017) ) Jack and Tom play a game that has three turns. Jack has three cards: a 9 of spades, a 6 of spades and a 3 of spades; and Tom has three cards: an 8 of spades, a 5 of spades and a 2 of spades. Using the following game rules: (1) Each person can only select one of their own cards to play in each turn; (2) The card with the higher points wins in each turn; (3) The person who wins two turns is the final winner. Although Jack's cards have a point' advantage, it is not certain that Jack can win the game, we can only say that his probability of winning is 0.6667.
The above  . Obviously, the result is not consistent with reality. We are not sure that Jack can beat Tom, and Tom has a chance to win. Using the proposed order relations or score function to judge the hesitant preference relation between the HFSs always tends to ignore this possibility and ignores some information. Thus, the results obtained are sometimes inconsistent with reality.
In fact, there are real elements ( ) 1 2 , u v h h ∈ × satisfying u < v, for example, (0.6,0.8). Example 2 is a numerical example to show that by using the score function, there is a defect in ranking HFSs.
In line with Definition 6, we find that
Therefore, from the perspective of decision making, we still cannot be sure that 1 3 E E  , so we can only say that E 1 has an advantage over E 3 . Many other aggregation operators Wei, 2012; Tang et al., 2017) have been used to integrate hesitant fuzzy information, and the score function is used to deal with the order relations of HFSs. However, by using aggregation operators and the score function, situation similar to the above examples cannot be avoided. This shows that using aggregation operators and the score function to deal with the ordering relations of HFSs is inappropriate.
A new fuzzy preference relation for HFEs
When comparing the differences between two objects, many methods have been proposed, of which distance measure is often used. To rank HFSs, in this section we will solve the order relation of the HFEs based on the TOPSIS method. Xu and Xia (2011) came up with the hesitant normalized Hamming distance, Euclidean distance and generalized hesitant normalized distance (Xu and Xia, 2011a) , and their definitions are as follows:
Definition 11. , 2011a Let M and N be two HFSs on
are called the hesitant normalized Hamming distance, hesitant normalized Euclidean distance and the generalized hesitant normalized distance, respectively, in which Hwang and Yoon (1981) introduced the TOPSIS method, and its main idea is to choose the most ideal alternative. Deviation variables are introduced into the algorithm, that is, the shortest distance to the ideal solution and the farthest distance to the negative ideal solution, avoiding the loss of decision information and reduce the computational complexity caused by the traditional distance measures.
In the traditional TOPSIS method, based on the length of the HFEs, the positive and negative ideal points of the corresponding dimensions are obtained, therefore, when the length of the HFEs are different, it is necessary to extend the HFEs to the same length. This section has made the following change based on the thought of the traditional TOPSIS, the dimension of positive and negative ideal points varies according to the length of HFEs, and their values are still 1 and 0, respectively, which avoids the extension of the HFEs. Now, we consider the use of the TOPSIS method to solve the HFEs ordering problem. ( ) ( ) ( ) ( )
represents the distance between h p and the negative ideal solution, and
represents the distance between h p and the positive ideal solution, in which 1 l ≥ and the number of elements in h p is represented by ( )
The relative closeness coefficient of the HFS h p with respect to the positive ideal solution h p is defined as the following formula: (1) If
where 
Definition 12 shows that the score function is only a special case of the above ranking order rules. 
h h h   . Take l = 3, then we can calculate:
3 0.4160, 3 0.7345, 3 0.6184; 
3 0.4051, 3 0.5604, 3 0.5387. 
where : 0,1
r R h h = , and r ij represents the preference degree of h i over h j . Obviously, if 
0.5 0.5 0.5 0.5 2 2 
In fact, as discussed in this section, the preference of h 2 over h 3 is relative, not absolute. The preference degree of h 2 over h 3 is 0.5063, and conversely, the preference degree of h 3 over h 2 is 0.4937.
Theoretically speaking, the method proposed in this section has the following differences and advantages compared with the use of TOPSIS method, aggregation operators, distance and similarity measures, and fuzzy preference relations to rank HFSs.
(1) According to the introduction of Feng, X., Zuo, Wang, and Feng, L. (2014) , traditional TOPSIS method as well as a variety of modified TOPSIS method, on the theoretical flow of the algorithm, in the traditional and modified TOPSIS methods, after the relative closeness is obtained, then the HFSs are ranked directly according to the size of the relative closeness, while the new fuzzy preference relation put forward in this part is based on TOPSIS, using the relative closeness to construct an additive consistency fuzzy preference relation, then the priority weights are extracted and the HFSs are ranked by them, which can ensure the consistency of the algorithm process, so as to ensure the consensus of DMs. (2) Using the aggregation operators to rank HFSs, they are usually used in conjunction with score function, it may not always ensure the consistency in the decision-making process, which may not always ensure the consensus of DMs, while the approach provided in this section ensures consistency throughout the decision process, and the theoretical proof is given. (3) Using the distance and similarity measures to rank HFSs, it is necessary to expand the HFEs to the same length, both optimistic and pessimistic approaches have changed the original decision-making information, however, the new method proposed in this section doesn't need to extend the HFEs. (4) Using the fuzzy preference relations, it is often difficult to get consensus for DMs, and inconsistent may appear in the decision process, so the decision process need to be revised and adjusted, the process of revision has actually changed the decision information of the original DMs, thus may lead to the failure of decision making. While the proposed method in this section can ensure the consistency of the whole decision process, and don't need to be revised. Lan et al., 2017) .
A new approach to MAGDM
( ) t t ij m n D a × = , ( ) 1,2, , t k =  (
The method to determine attribute weights
Generally, in MAGDM problems, if the preference value difference of all alternatives under attribute C is smaller, then attribute C has less influences on the decision so as to the rank of the alternatives. Conversely, if the preference value difference of all alternatives under attribute C is larger, then attribute C has more of an effect on the decision and ranking of the alternatives (Wang, 2012 
For expert e t , ( ) 1,2, , t k =  , calculate the weight of attribute C j , and the formula is:
A new method for MAGDM
In order to solve the unknown attribute weight of MAGDM problems, we propose a new method for MAGDM problems, in which the attribute values are given in the form of HFS, and the attribute weight information is unknown.
Step 1: Let
 be a series of hesitant fuzzy decision making matrixes, in which t ij a represents the assessment information provided by expert e t about attribute C j of alternative A i .
Step 2: For a given 1 l ≥ and attribute C j , ( ) 
 be a series of the coefficient matrixes for each expert.
Step 3: For a given strictly monotone increasing function : 0,1 0,1
Step 4: According to section 4.1, calculate the weight of attribute C j ,
Step 6: According to R, calculate the priority weight of each alternative 
Step 7: Rank alternatives according to w i .
Step 8: End.
Remark 1. According to Theorem 1, for expert e t about attribute C j , of alternative A i , ( ) 1,2, , ; 1,2, , t j R j n t k = =   are additive consistency FPRs; thus,
Illustrative example and comparison analysis
Illustrative example
To show the feasibility and validity of the above MAGDM method, in this part, we give a practical example as follows:
Example 6. Let us consider the group decision making problem of evaluating several fund management companies. Suppose that there are four companies (alternatives) ( ) 1,2,3,4 i A i = to be assessed from which the best fund management company to invest in financial management is to be chosen. There are four attributes to be considered, C 1 : revenue ability, C 2 : asset size, C 3 : stabilization, and C 4 : quality of service. Four economics experts are invited to evaluate the choices. Suppose that { } 1 2 3 4 E , , , e e e e = is the expert set, and suppose that the weight vector of 1 2 3 4 , , , e e e e is Using the above proposed MAGDM method to deal with the problem, the calculation processes are as follows:
Step 1: We obtain a series of hesitant fuzzy decision making matrices as the above Tables 1-4.
Step 2: For expert e 1 , according to attribute C 1 , take l = 3 and calculate:
( ) ( ) ( ) 
 be a series of the coefficient matrices; then, for experts 1 2 3 4 , , , e e e e , the coefficient matrices are obtained, and the results are shown in the Appendix.
Step 3: Take expert e 1 as an example. Take ( ) ( ) Step 4: For each expert, calculate the weight of each attribute. 
Step 6: Compute the priority weight of each alternative: Step 7: The ranking of the alternatives is: 
We can see that the ranking results obtained from different l are shown in Table 5 . This example shows that the ranking of the alternatives may change when the parameter l changes. Additionally, we can find that the priority weight of alternatives A 1 and A 2 becomes larger as the parameter l increases, while the priority weight of alternatives A 3 and A 4 becomes smaller as the parameter l increases. In fact, for alternatives 1 2 3 4 , , , A A A A , each attribute corresponding to the HFEs is not absolutely dominant; therefore, the results obtained by the algorithm should be relative, rather than absolute. Moreover, the fuzzy preference relation calculated always satisfies the additive consistency. Finally, through the results, the new MAGDM method is more reasonable and conforms to the actual situation. 
Comparison analysis
As we have analyzed in section 3, the new method we proposed has an advantage over the use of TOPSIS method, aggregation operators, distance and similarity measure and fuzzy preference relation at the end of section 3, the theoretical analysis has been given, next we give an numerical comparison analysis: put forward some hesitant fuzzy aggregation operators and applied them to group decision making, now we use their algorithm to calculate the example in the section 5.1, and the main results are as follows:
In the algorithm flow, the hesitant normalized Hamming distance is used, the premise is to extend the two HFEs as comparison calculations to the same length,
Step 1. Calculate the weights 
Step 2 Step 3. Aggregate all the individual hesitant fuzzy decision matrices into the collective hesitant fuzzy decision matrix. Table 6 . Collective hesitant fuzzy decision matrix Then, through Step 4 and Step 5, we can get the final ranking results:
Through the calculation process, we can see the following problems: (1) First, in the first step, the original HFEs need to be extended to the same length. In this process, the original decision information has been changed. (2) In the second step, the correlations between different attributes are given, which has a strong subjectivity. (3) According to the data analysis, the result 4
is too absolute, for example, for expert e 4 , under attribute C 1 , the HFEs of A 4 are completely less than the HFSs of A 1 , thus there is also a possibility that A 4 is less than A 1 , while the result presented in this paper is that the possibility of A 4 greater than A 1 is 0.5011, that is ( )
, which is more in line with the actual situation. (4) It increases the flexibility of decision making and avoids the loss of decision information.
Conclusions
Generally speaking, the mathematical model is constructed based on the reality of environment, and most of the reality MAGDM problems, are often set up in a complex environment, therefore, the decision data that DMs can provide is highly uncertain and complex, while HFSs can better deal with DMs' choice of alternative fuzziness. In this paper, we have studied MAGDM problems in which the preference information offered by experts are HFSs. In order to get more reasonable decision results, the ranking of HFSs is particularly important. However, there are some defects in the existing rank relations for HFSs, such as score function, aggregation operator, etc., so that the decision results are inconsistent with the actual situation. Hence, we employ a distance measure and the TOPSIS method through which a new additive consistency fuzzy preference relation for HFSs is built. The TOPSIS method is based on the relative closeness of each alternative to determine the order of all alternatives, which can avoid excessive information loss in the process of information aggregation. Besides that, TOPSIS can effectively avoid high complexity of aggregating hesitant fuzzy information in traditional methods. The advanced new additive consistency fuzzy preference relation can overcome the defect of the existing order relations when ranking HFSs. In addition, this method can maintain the additive consistency of the fuzzy preference relation. Moreover, due to the advanced new additive consistency fuzzy preference relation, a new MAGDM method has been addressed. In MAGDM, whether experts can get the right decision results depends on whether experts can achieve consistent consensus decision, the existing decision making methods can not guarantee the consistency of the decision process, although some can achieve acceptable consistency or revised to achieve consistency, they still change the original decision information, while the method proposed in this paper guarantees the consistency of the whole process of decision making in theory and it is loyal to the original decision information. The new MAGDM method we have developed is not only simple and practical but is also more consistent with reality in integrating group decision information. At the end of this paper, an empirical analysis of a fund management company is carried out to illustrate the practicability and rationality of the model proposed in this paper and the corresponding comparative analysis is given. The proposed MAGDM method based on HFSs can be widely applied to a series of MAGDM problems such as military, transportation and economic management. In the later period, the proposed method can be extended for the decision making on interval valued hesitant fuzzy sets, intuitionistic fuzzy sets and interval valued hesitant fuzzy sets. 
